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Three-Dimensional Free Vibration of Pretwisted Beams
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University of Pittsburgh, Pittsburgh, Pennsylvania 15261

A method for analyzing the free vibration of pretwisted structural members of arbitrary but uniform cross
section is presented. This method is based on three-dimensional elasticity theory and three-dimensional finite
element formulation. The equations of elasticity and the governing equations of motion are obtained using a
rotating coordinate system that rotates along with the cross section. The relationship between the fixed Cartesian
coordinate system and the rotating coordinate system is based on the pretwist angle rate. This method can capture
warping, Poisson effects, and shear effects. Hamilton’s principle is used to derive the equations of motion that, in
turn, are used to obtain the natural frequencies and mode shapes. Results showing the relationship between the rate
of pretwist and the natural frequencies of prismatic members with rectangular cross sections and different lengths
are presented. The results also show coupling between the two bending modes and coupling between the axial and
torsional modes. If the axis of rotation and the centroid of the cross section are not coincident, coupling among all
four basic modes and higher modes may occur. This behavior is difficult or sometimes impossible to capture with
simpler technical theories. Because the method is based on three-dimensional elasticity theory it can accurately
capture the behavior of long or short beams, thin or thick sections, arbitrary geometry, and inhomogeneous,

laminated (anisotropic) materials.

Nomenclature

[C] = constitutive matrix of material properties
[K] = stiffness matrix of beam
KE = kinetic energy of system
L = length of beam
[M] = mass matrix of beam
N(&,n,¢) =quadratic finite element interpolation functions
[N] = matrix of interpolation functions
SE = strain energy of system
U,V,W  =nodal displacements in rotating coordinate system
{u} = vector of displacements in rotating

coordinate system
{u} = vector of velocities
u,v, w = displacements in the rotating coordinate system
uy,uy,u, =displacementsin the fixed coordinate system
X, 9,2 = fixed Cartesian coordinate system
o = unit angle of pretwist
Vuc YecYen = shear strains in rotated coordinate system
Ees€pp€ce = normal strains in rotated coordinate system
{e} = strain vector in rotated coordinate system
0 = total angle of pretwist
&En ¢ = rotating coordinate system
o = mass density
{o} = stress vector in rotated coordinate system
w = natural frequencies of system

Introduction

IBRATION of pretwisted slender members has attracted

many engineering designers and researchers because of their
widespreadapplications.For example, blades of propellers,fans, he-
licopters, and turbines can be modeled as pretwisted beams. Curved
beams, drills and end mills, and some gear teeth also can be modeled
as pretwisted members. Improvementof aerodynamicand structural
performance can be achieved by optimizing material layout, twist
rate, and cross-sectionalshapes of the pretwisted beam. A pretwisted
beam is a beam whose cross section rotates about the perpendicular
axis (z axis), and whose pretwist angle varies along the z axis.
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Figure 1 shows a pretwisted slender member. The global coor-
dinates are fixed in space and the rotating coordinate system ro-
tates with the cross section along the z axis. It is assumed that the
pretwisted member is initially stress-free. The pretwist affects the
natural frequencies, mode shapes, torsion and bending, and exten-
sional stiffness of the beam. The pretwist also causes the coupling
of the extensional,torsional,and bending modes. If the pretwist axis
and the centroid of the cross section coincide, then coupling of the
bending modes and extensional-torsional coupling is distinct.

The literature on pretwisted structural members is quite exten-
sive. Rosen! conducteda comprehensivereview on pretwisted rods
and beams. His review addressed the static, dynamic, and stabil-
ity aspects of pretwisted rods. Most of the works that he reviewed
were based on one-dimensional models. Some two-dimensional,
plate-and-shell theories and three-dimensional theories were cov-
ered. From Rosen’s review, the status of three-dimensionalelasticity
studies can be summarized as very limited with most results devoted
to isotropic members and restricted to elastic static analysis. In con-
trast, the body of literature on rod (one-dimensional) theories and
analysis for both elastic-static and natural vibrations is ample.

One of the earliest researchersto investigate the effect of pretwist
on rods was Love.? Love developed some equations that can give
insightinto the coupling phenomena found in rods with curved and
twisted rods and beams.

Kosmatka® developed an analytical model of a pretwisted iso-
tropic elastic beam with irregular cross section to study the coupled
extension-bending-torsion coupling stiffnesses. Kosmatka* later
extended this to composite pretwisted beams.

Onipede and Dong’® developed a method to study end modes
and propagatingwaves in pretwisted beams using three-dimensional
elasticity theory and a semianalytical finite element formulation.
They showed that the pretwisting causes a coupling of the extension,
torsion, and flexural modes.

More recently, Lin® presented a method showing the coupled
bending vibratory behavior of pretwisted nonuniform beams that
are elastically restrained. His model was based on beam theory.
Several other researchers have developed coupled one-dimensional
beam-bar models in an attempt to capture the effect of pretwist.”!!
Apart from that of Dong and Onipede, most of the dynamic mod-
els and theories presented were based on one-or-two-dimension
theories.

The benefit of using amodel based on three-dimensionalelasticity
to model the vibratory behavior of pretwisted beams is that it allows
for inclusion of several types of structural behaviors that may not be
possible using simpler technical theories. These include warping of
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Fig.1 Fixed and rotating coordinates of a pretwisted slender member.

the cross section, Poisson’s ratio effects, high-frequencyresponse,
short-wavelengthresponse, and shear effects.

Theoretical Background

Consider that a beam with arbitrary cross section rotates along
the normal axis with constant rate. The geometry of the beam can
be described best by using a rotating coordinate system. Examples
shown are based on the coincidencebetween the centroid of the cross
section and twist axis. The relationshipbetween the fixed coordinate
system and the rotating coordinate system is

& cos(wz) sin(az) - X
nt =| —sin(ez) cos(xz) - y (D
¢ . . 1 z

and « is constant over the length of the member. Figure 1 shows the
relationship between the fixed and rotating coordinates.

The relationship between the displacements in the fixed coordi-
nate system and in the rotating coordinate system also is based on
the same transformationshown in Eq. (1). The strain-displacement
relationshipis expressednext (for amathematicalderivationof these
expressions, see Ref. 12):

ou ov
Ege = @, Ve = 26y = E + afu + D(v)]
ov ou
Egy = a_ﬂ’ Yer = 28&{ = E —Ol[U - D(”)] (2)
ow ou ov
Err = E + aD(w), Ven = 268¢n = 3_77 + &
where the operator D() is
a() a()
D()=n——&—= 3
O=n 0 § o (3)

The constitutive equations of an isotropic elastic material are of the
form

{o} =[Cl{e} “

The [C] matrix contains the constitutive equations for an elastic
isotropic material, which are based on Poisson’s ratio and modulus
of elasticity.

Hamilton’s Principle

The equations of motions are formulated by using Hamilton’s
principle. The total strain energy of the system can be expressed as

1 L
SE = 5/ //{E}T[C]{E}d§ dn d¢ (&)
0

The total kinetic energy is

1 L
KE = 5/ // pla}! (@} dé dn d¢ (6)
0

and the mass density p, is constant along the beam. Hamilton’s
variational principle leads to

S/I(KE—SE)dt:O (7

Finite Element Formulation
The cross section of the member is discretized into two-dimen-
sional elements that are used to generate the third dimension along
the length of the member. The cross section can be of any arbitrary
shape having inhomogeneous,isotropic mechanical properties with
the pretwist axis located at any point. Displacements of the dis-
cretized beam can be represented by

w&,n. ¢, 1) N n.¢)

U(g’ n’ {’ t) =
w(g’ n’ {’ t)

N, n,¢)
NG, n,0)

U(t)
x 2 V() (®)
W(r)

Isoparametric 20-node brick finite elements with midside nodes are
used with the computer program developed for this analysis. The
brick element allows for the representation of any size and shape
of quadrilateral region resulting from discretization of the cross
section. Also, the brick’s quadratic interpolationfunctions allow for
a more accurate capturing of the curves of bending, torsion, and
extension.!>14

Strain Transformation Matrices

The strain-displacement relationships shown in Eq. (2) can be
expressed as a set of displacements and an operator matrix:

_ ) -
¢
a.
3% ' an
Eny .
ec| . . aD() + 5% z
&
8;? o aD() + ;—{ ;—n w
Een : d.
aD()+ E —o 8_5
a. a.
- % ]

©)

Equation (8) now can be substitutedinto Eq. (9) and operator matrix
allowed to operate on the interpolation functions as follows:

aN
d&
aN
an
aN
aDIN) + —
B] = ‘1 ao
aN aN
aN aD(N) + — —
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aN aN
aD(N) + — —aN —_—
ile 0&
aN aN
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Governing Equation of Motion
Because Hamilton’s principle is the basis for the finite element
formulation for dynamic structural analysis, we can rewrite Egs. (6)
and (7) by using Egs. (9) and (10):

KE = L{U}" [M{U},

—1 SE=HUYIKHUY (D

where

M] = ,0/ [N]"[N]d¢ dndg
Vol
and (12)

(K] =/ [BI"[C][B] d§ dn d¢
Vol

Putting Egs. (11) and (12) into Eq. (7), taking the variation, and
assuming harmonic motion leads to the following:
[(M1{ii} + [K{u} =0, (M]o® = [KD{U} =0 (13)
This system can be solved for the natural frequencies and mode
shapes (nodal displacements) using a numerical procedure. (A com-
puter programusing Microsoft Fortran Power Station 4.0 with IMSL
routines was developed for this analysis.)

Analysis of a Rectangular Beam

The method developed now is applied to the free vibration of
isotropic rectangular beams with and without pretwist. The beam’s
cross-sectional dimensions are 1 unit x 1.5 units, and three differ-
ent lengths of 5, 10, and 20 units are analyzed; these lengths repre-
sent short, moderate, and long beams, respectively. Poisson’s ratio,
Young’s modulus, and mass density are 0.25,2.6 x 10°, and 1.0, re-
spectively. The beam was modeled with nine elements in the cross
section and five elements in the long direction, as shown in Fig. 2.
Results from two cases of 0- and 40-deg pretwist are presented next.

Natural Frequencies

Figures 3-5 show the change in the natural frequencies as the to-
tal pretwist angle changes. The descriptors used in the graphs, i.e.,
weak bending (WB), strong bending (SB), torsional (T), and exten-
sional (E), refer to the mode shape of the beam when no pretwist is
present.

From these graphs some interesting but not surprising observa-
tions can be made. First, in all three cases the natural frequencies of
the T and E modes are not affected significantly by the introduction
of pretwist. Second, the SB mode initially decreases slightly then
levels off or increases slightly. Third, the frequencies of the WB
mode in most cases increase significantly.

Mode Shapes

Figures 6-13 show the cross-sectional mode shapes and are the
output from the computer program developed for this analysis. The
first line in each figure shows the in-plane deformations at the front
and rear of the beam. The second line shows the out-of-plane de-
formations at these same locations. Separating the mode shapes this
way allows for a clearer visual representation of the behavior of

Fig.2 Finite element model of pretwisted beam.
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Fig.3 Natural frequencies of a 5-unit-long beam.
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Fig.4 Natural frequencies of a 10-unit-long beam.
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Fig.5 Natural frequencies of a 20-unit-long beam.
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Fig.7 Mode7, weak bending mode (o = 8 deg/unit length, L = 5 units).

Fig. 8 Mode 8, strong bending mode (cw=0 deg/unit length, L=
10 units).

the beam. Only some of the mode shapes are shown because space
considerationsbut these representresults from short, moderate, and
long beams.

Verification of Results

To verify the results obtained from this method and the computer
programs developed for this analysis, a commercial finite element
program, ANSYS, was utilized. Twenty-node isoparametric brick
elements were used to model straight beams of three lengths with
and without pretwist. For the pretwist case, a total pretwist of 40 deg
was used.
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Fig. 9 Mode 8, strong bending mode (=4 deg/unit length, L=
10 units).

Fig. 10 Mode 10, torsional mode (cx = 0 deg/unit length, L =10 units).

Fig. 11 Mode 10, torsional mode ( =4 deg/unit length, L = 10 units).

Table 1 compares the results for a 10-unit-long beam from
ANSYS with those from the analysis presented in this paper. The re-
sults for the case of no pretwistare virtually identical. For the case of
40-deg total pretwist, there is a slight difference in the frequencies.

Similar results were obtained from comparisons undertaken for
the case of 5- and 20-unit-long beams.!> The differences in fre-
quencies for the case of pretwist may be attributed to a number of
possibilities. Modeling of the pretwist barin ANSYS is based on an
isoparametric formulation that distorts a 20-node brick (rectangular
solid) element. This distortion may introduceerrors into the results.
Itis also possible that in the formulation used in this analysis there
is a limit on the size of the pretwist angle rate «.
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Table 1 Natural frequencies of 10-unit-long rectangular beam

No pretwist, Hz 40-deg total pretwist, Hz

Mode* ANSYS Program ANSYS Program
7 (B) 509.9 509.9 510.3 511.6
8 (B) 734.5 734.5 730.2 732.1
9(B) 1355.2 1355.2 1365.2 1367.0
10 (T) 1374.3 1374.2 1374.9 1374.6
11 (B) 1843.3 1843.3 1826.5 1833.4
12 (E) 2547.6 2547.6 2546.7 2546.7
13 (B) 2572.9 2572.8 2595.8 2595.4
14 (T) 2756.0 2754.8 2758.1 2755.6
15(B) 3299.4 3299.4 3274.6 3289.4
4B, bending; T, torsion; E, extension.
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Fig.13 Mode 14,extensionalmode (« = 2 deg/unitlength, L = 20 units).

Discussion of Results and Conclusions

From the results presented here and in related work, it is observed
that the torsional and extensional frequencies of beams are not af-
fected significantly by the introduction of pretwist. Mode shapes,
on the other hand, may be affected more severely. The mode shapes
show coupling between the extensional and torsional modes.

Both the frequencies and the mode shapes of the bending modes
are affected significantly. In general, the frequency increases as ei-
ther the total pretwist angle increases or the length of the beam
increases. The mode shapes show coupling of the bending modes.

The coupling of mode shapes may indicatea significantchangein
the stress distributionof beams with pretwisteven when the frequen-
cies may not show much of a change. Simple technical theories may
not be able to capture some of this structural behavior, especially
the behavior and coupling found at higher frequencies.
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